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data for other articles of the same age. Three-dimensional periodic solids were among the first systems developed by the theory of electronic structure. The concept of electronic band structure reaches back to the first decade after the invention of quantum mechanics and early examples can be found in the work of Sommerfeld and Bethe (1933), Slater (1934) and others. Almost 50 years ago, the total
energy of electrons and nuclei in an elementary unit cell in a crystalline solid came into focus in theoretical studies. To achieve that, summation over mutual space (or k-space, as it is often called) is required. Throughout the 1970s, a number of articles on sampling k-rum (Jepsen and Andersen, 1971; Baldereschi, 1973; Chadi and Cohen, 1973; Cunningham, 1974; Monkhorst and Pack, 1976). Given that
the computational power of those days was rather limited, the emphasis at this time was to keep the number of k-points to be dealt as small as possible, and the most effective choice of special k-points was the main topic of these earlier works. Meanwhile, this knowledge has found its way into textbooks. For example, the interested reader may consult Chapter 4 of Martin (2004). With the rise of computing
power, computer physicists and materials researchers began working on increasingly complex systems consisting of hundreds of atoms in a device cell. Since such a large unit cell goes along with small Brillouin zone (BZ) in the mutual space, sampling of k-space received less attention. In addition, liquid or amorphous systems that lack translational order were approximated by large supercells, such as
the 1980s. Due to the lack of 'true' physical periodicity, calculations with large supercells often use only a k-point which, for the purposes of computational savings are often chosen for Γ point, i.e. the origin of the mutual space. As can be seen from the bibliography in this review article, few papers on k-point sampling appeared around the turn of the century, which we attribute to this shift of interests.
Recently, the desire to make very accurate calculations has increased the renewed interest in improved methods of sampling reciprocal space. A driving factor comes from computational science. For thermodynamic studies, e.g. for the calculation of phase diagrams, highly converged total energies are needed for the elementary unit cells of bulk materials (Grabowksi et al., 2007; Grabowski et al., 2011).
The necessary calculations should be carried out in an automated manner using methods of high transfer computing. For this reason, one uses automatically generated, very close k-point sets that allow one to reach an accuracy of total energy better than 1 meV per atom. As has been demonstrated in a recent study (Morgan et al., 2018), to ensure this accuracy level for all phases (with different size and
shaped unit cells), a k-point density as high as 5,000 k-points/Z−3 is typically required. In addition, machine learning methods attempt to select k-point grids that are most suitable for the problem in question (Choudhary and Tavazza, 2019). As another factor driving innovation in k-point sampling, interest in the specific characteristics of bulk materials, in particular in electronic transport, magnetism and
topological conditions, has led to improved (e.g. adaptive) schemes. While the total energy is a variation in terms of small changes in tax density and is thus computationally robust, the above uses require the existence of very fine structures in the Brillouin zone in order to obtain an accurate description of the characteristics of interest. While we limit ourselves to density functional theory calculations in this
review, an ab initio treatment of periodic systems with wavefunction-based methods of quantum ecemia is an alternative option that is free of any inaccuracies due to approximate density functionalities. Recently, this area has attracted considerable interest and considerable progress has been made (Booth et al., 2012; Gruber et al., 2018). Most of the opinions on DFT calculations in this review are
transferred to the Hartree-Fock approximation, which, like DFT, describes wavefunction in the form of single-particle orbitals. Effective computer codes for Hartree-Fock calculations, including the ability to process period systems (Dovesi et al., 2018) are available. Post-Hartree-Fock methods incorporate electronic correlations in various approximate ways; examples of periodic systems are Møller-Plesset-
disruptive theory or the coupled cluster method (Gruber et al., 2018). Here is the difficulty of dealing with correlations electrons in different unit cells in the solid must be tackled. The best correlated ground-state wavefunction (in a variation-shaped sense) may have fewer symmetries than the multi-particle Hamiltonian; therefore approaches utilizing translational symmetry of crystal should be considered with
caution. A systematic way to include electronic correlations in calculations for periodic systems is offered by the method of increments (Paul, 2006). Another option that applies to periodic systems is the Quantum Monte Carlo method (Foulkes et al., 2001), which allows for an even more flexible mathematical representation of the many-particle wave function than methods starting from a base set of atomic
orbitals. This review article serves the purpose of informing researchers in the materials physics community about current developments in high-throughput computing with high demands on the accuracy of atomic structures, forces and total energies. At the same time, we aim to provide a tutorial for novices to the field of density functional theory calculations, and therefore provide a summary of the basic
knowledge of periodic DFT calculations that have been accumulated over the years but are spread out over a lot of articles in the original literature that are inconvenient to access the beginner. Since the essence of the Kohn-Sham approach has been described in a number of textbooks (Parr and Weitao, 1994; Koch and Holthausen, 2001; Martin, 2004; Sholl and Steckel, 2009), we assume that the reader
is familiar with them. Convergence problems with regard to the aerosewave expansion of the Kohn-Sham wave functions (Kresse and Furthmüller, 1996a) or with regard to nuclear-centric base sets (Koch and Holthausen, 2001; Blum et al., 2009) should be treated by practitioners of DFT before turning their attention to periodic systems; again, we refer to the literature. 2. Basics of crystallography The
periodic placement of atoms in a crystal is mathematically described by its smallest periodic unit, the unit cell, and by a grid of points invariant during translations. Grid points R must meet the equation where n1, n2, n3 is (positive or negative) integer. The grid vectors a1, a2, a3 span the three-dimensional unit cell with volume Ω. The unit cell may be occupied by one or more atoms; in the latter case,
crystallographers call the positions of the atoms in the unit cell for the (crystallographic) basis. The possible types of unit cells are limited by consideration that the periodic iterations of the unit cell must be space filling, i.e. the space filling. The grid described by Equation (1) that meets this condition is called Bravais grid. For any crystal lattice in general, it must be in possession of the subtle symmetries (i.e.
mirror symmetry or invariance during certain rotations) of the pattern formed by all atoms (including those defined on the crystallographic basis) compatible with the invariance according to the translations defined in the Bravais grid. This does not include, for example, the following: But it may well be that the foundation has a lower symmetry than Bravai's grille itself. In fact, this leads to a finer classification
of crystal structures - Bravais grid is just the top level of a hierarchical classification system (Streitwolf, 1971; Ashcroft and Mermin, 1976). Crystal symmetry is processed within the mathematical field of group theory. The relevant groups (called point groups and space groups) consist of a limited number of symmetry operations Ngroup. As for any group, the crystallographic groups shall be closed under the
inclusion of composite operations where the compound means the sequential use of two discrete symmetry operations (= group elements Gα, α = 1, ... Ngroup) in succession. Under the term crystallographical point group, a specific collection of discrete symmetry operations, such as reflections or rotations forming a group in a mathematical sense, is addressed (at least) a point of crystal fulness (which is
considered infinite for this purpose) on itself, while any other grid point can be mapped at another grid point. The term point group does not refer to translations. if we require crystal, in addition to invariance during point group operations, to obey translational symmetry during some symmetry operations TRn, we reach the (more rich) concept of a Bravais lattice. All Bravais grids with the same set of discrete
symmetries, i.e. An example is the cubic crystal system that contains the simple cubic, body-centered cubic (bcc) and face-centered cubic Bravais lattice. However, the point group may be reduced to a subgroup if the base is less symmetrical than the Bravais grid itself. Therefore, the total number of point groups is higher or equal to the number of Bravais grids. The actions of the (abstract) group of
symmetry on an electronic wave function ψ(s) can be described by linear algebra on vectors in real space, such as a computer. In the case of rotation or reflection, the symmetry operation is represented by a matrix Gα, e.g. in the case of rotation or reflection. The symmetry operations mentioned so far, also known as symmorphic symmetry operations, which include translations, rotations and reflections,
have in common the characteristic that each of them leaves the crystal (believed to be infinite and unlimited) invariant. One can imagine cases where the crystal is left invariant only by a certain combination of symmorphic symmetry operations. The two cases of these so-called symmetry operations are the glide plane – the crystal remains only invariant during a combined reflection and translation, typically
with a fraction of a full lattice vector – and screw axis – the crystal remains only invariant during a combined rotation and translation, typically of a fraction of a full grid vector. In the presence or absence of these non-symmorphic symmetries, the crystal classification system may be made even more diverse than with the point groups alone. Therefore, the crystal symmmetry, including the non-symphonic,
must ultimately be described by the crystallographic space groups. The overriding importance of symmetry for quantum mechanics is well known. In applying to crystals, it means: Hamiltonian of crystal commutes with all elements of the bullet group. In this context, the group elements are represented by certain operators in a Hilbert area. The hamilton operator's eigenfunctions therefore have special
characteristics with regard to the use of symmetry operations. Bloch's phrase (Bloch, 1928) To be specific, let's consider translational symmetry operations. Although the conditions leading to Bloch's phrase can be taken over to multi-particle systems by introducing an artificial 'simulation cell' Hamiltonian (see Rajagopal et al., 1995), we limit our considerations to single-particle eigenfunctions for electrons.
From the translational invarian of the crystal, it follows that the electronic wavefunctors can only be changed up to one phase factor during translation, Another (mathematically equivalent) way of indicating this requirement is as follows: The wave function must consist of a grid-periodic factor u(s), which is the same in each unit cell, u(r + R) = u(r) , multiplied by a plane wave, index k is a vector and can be
considered a 'quantum number' characterizing wave functions wavefunctions of a periodic crystal. k is called crystal momentum. Please note that UK (s) also depends on this index, although the dependency is weak in most cases. Mutual grid For each given set of R of grid points, we can (at least in a formal mathematical sense) construct a mutual grid spanning the mutual grid vectors b1, b2, b3. These are
defined by In practice, bees (in three-dimensional spaces) are obtained as b1 = 2πa2×a3det (a1a2a3). (9) Formulas for the other two mutual grid vectors can be obtained by cyclical permutations of the indices (i, j, k) = (1, 2, 3). The denominator contains the volume of the unit cell in the real room, Ω = |it(a1a2a3)|. A unit cell in the mutual grid is also called a Brillouin zone, for example. Because of Bloch's
phrase (conferring equation 7), it is sufficient to know the wave functions ψk of crystal momentum k in the primitive unit cell of the mutual grid, i.e. the formation functions of the formation function. If a translation works on a wave function, its crystal torque does not change. One of the actions taken by a or reflection Gα on wavefunction, represented by a real-space matrix multiplication Gα, operates via its
inverse in mutual space, i.e. the short k↦Gα-1k. 3. Brillouin Zone Sampling In density functional theory (DFT), the total energy of an atom, molecule or cluster is achieved by summarizing the contributions of all its electrons. Due to the effective single-particle description offered by the Kohn-Sham method associated with Bloch's phrase, the total energy of a crystal can be calculated from the knowledge of
the UK(s) in Equation (7) by considering the electronic modes in which are varies right within a real-space unit cell. This is a huge computational simplification. However, Bloch's phrase requires us to calculate wave functions for all boundary conditions specified by Equation (6) with k-points in the first Brillouin zone. In a final crystal, the number of expressions to be summarized is equal to the number of unit
cells in the crystal (cf. This is the equivalent of a very fine sampling, and one often talks about Brillouin zone integration, as the huge sum and integral are interchangeable. So far, nothing would have been achieved in terms of computational savings. However, since the wave function lattice remmitat for the wave function typically depends only slightly on k, it is sufficient to try the Brillouin zone integrated at
a final, usually quite small number of points. The numerical techniques to achieve this are based on the Fourier quadrature (Froyen, 1989). For concrete, let's consider some grid-periodic function F (k) that may contain implicit dependencies on eigenvalues εi (k) and wavefunctions ψk(s). We assume that this function can be extended to a limited number of Fourier components, up to some Rm = (xm, ym,
zm), the integral of F (k) over the entire Brillouin zone is given by the lowest Fourier component F0, and this integral is supposed to be approximated with a final sum over k-points. Since the following considerations concerning the fault of the discretion are based on the disappearance of large Fourier components (in addition to Rm), they are strictly applicable only to semiconductors and insulators. In the
presence of a Fermi surface, where the designation of the frequency bands is rapidly changing from zero to one, the presence of high Fourier components in F(k) implies the presence of high fourier components. To minimize the discrete error, you introduce so-called special k-points. In the simplest case of a cubic crystal with lattice constant a, one uses equal long-line grids of k-points that fill the Brillouin
zone homogeneously. For example, let's assume that the grid consists of Nx points in the x direction, so the final sum in Equation (10) is able to represent the integral exactly if Nxa ≥ xm, the first component of Rm. In other words, the final sum is identical to the integral if the function F(k) was sufficiently smooth and contained only Fourier components that reached the Nx grid constants one in real space.
Even in the case of the k-points can still be selected to be on planes parallel to the planes that are tightened by two mutual grid vectors, i.e. the k-points. If the crystal has point symmetries, these symmetry operations can be used to reduce the number of k-points for which an actual calculation of the Kohn-Sham wave functions is required. In other words, it is sufficient to take samples of only the ireducible
wedge of the Brillouin zone. This results in significant savings in the cost of calculation. By virtue of symmetry mapping, one can always 'roll' the irreducible wedge to recover the full Brillouin zone. In this way it is always possible to regain the fully symmetrical charge density, forces, etc. when necessary. Even if the unit cell does not have point group remmetries, the time-lap interval allows the wave function
to be mapped ψk to ψ-k=ψk*, thus reducing the number of k-points by a factor of two. This procedure, using time reversal invarians, is broken by a magnetization or an external magnetic field, and that does not apply if spin-trajectory interactions are to be considered in a system that lacks inversion symmetry. If additional point group remmetries are present, the reduction in the number of k-points will be
even greater, thus allowing for further savings in computer time. Therefore, utilizing symmetries is highly recommendable. The dft codes used also symsymmetrier the charging density and forces of the atoms, if applicable. This leads to an important caveat: Symmetry cannot be exploited if one wants to examine the symmetry-breaking relaxations of atoms starting from an ideal symmetrical structure. In this
case, most codes allow symmetrical symmetry to be turned off manually (with the consequence of significantly improved computational resources required). Thereafter, the forces are not symmetrical, and the numerical rounding error (or some manually used small offset) is sufficient to propel the system from a symmetrical starting point to its symmetry-breaking state. 3.1. Economic choice of k-point grids
At the beginning of computer work, when computer memory was a major limitation, the focus was on an economic choice of k-points for Brillouin zone sampling that made it possible to perform calculations for real-space unit cells with many atoms. In the simplest case one could estimate the Brillouin zone integrated by the value of integrand on a single point, the so-called Baldereschi point (Baldereschi,
1973). However, for more accurate calculations, a larger set of special k-points should be used. The convergence criteria and explicit lists of special k-point sets for three-dimensional crystals have been drawn up by Chadi and Cohen (1973). One starts by defining symmetrical functions Am (k), which are characteristic of a certain shell of k vectors. Index m can be associated with a certain length |k|Γ, that
is, the |k|Γ. marks the origin of the mutual grid. Formally, we define Am(k)=∑αNgroupGαeikr, (11), where the summation runs over all elements Gα in the point group, in other words, it is equivalent to applying all point group operations to some plane wave eikr with given k. By choosing a set of special k-points ki, I = 1, ... Nspecial, the goal is to make the leading shells Am (those for which F (k) has
significant contributions) to disappear so that we have ∑iwiA (ki)= 0 with some appropriately chosen weighting factors wi. Any grid-periodic function F can be integrated according to Ω(2π)3∫BZdk F(k)=∑i=1NspecialwiF(ki)+∑m=M+1∞∑i=1NspecialwiFmAm(ki). (12) Due to the choice of a special k-point set, M's lead expression in the first amount of the second expression disappears accurately. For a smooth
function F (k), Fm get less and less as we go for higher and higher shells. It is therefore reasonable to drop the second term in the equation (12) as a whole and estimate the Brillouin zone integrated in the first term. The quality of a special k-point set can be judged by specifying how many leading shells of Am it makes to disappear. But for a final assessment of the accuracy of Brillouin zone integration, one
also needs to consider the characteristics of the function F to be integrated. It is clear that some assumptions about the smoothness of F are necessary to achieve satisfactory accuracy in integration, which is met if F is responsible for the tax density, the total energy density or any other quantity representing the systems as a whole. In terms of computational economy, an important question is whether
some special k-points will be on symmetry planes or symmetry axes (mirror planes, rotationaxis), or whether they avoid the symmetry-invariant loci of the Brillouin zone. For effective sampling with a given number of k-points, these should be representative of any point in the Brillouin zone and therefore they should stay away from the symmetry plane or axes. In this case, all k-points would ideally contribute
to the Brillouin zone integrated with the same weight (Figure 1A). If a special k-point falls on a symmetry plane or axis of symmetry, it contributes a smaller weight (Figure 1B). It doesn't represent as many other k-points outside the irreducible wedge because some symmetry operations map that point on themselves, rather than at another k-point. Grids of special k-points with odd weight wk tend to be less
effective than a grid of the same weight; however, odd weights are often not completely avoided. Thus, an approximate Brillouin zone integrated by some function F with a weighted sum, F0≈∑j = 1NspecialirredwjF (kj). (13) The scales (containing the effects of symmetry) should summarise to unit ∑jwj=1. The question of how effectively a given set of k-points can be reduced due to symmetry has been
systematically studied for the laites in the cubic crystal system of Moreno and Soler (1992). The authors provide tables with a list of the number of irreducible for a given number of k-points in the total BZ, and specify how many shells (index M) in Equation (12) are made to disappear at this selection. More recently, the methods of informatics have been applied to this topic (Wisesa et al., 2016) and a
database of k-point sets that make the strongest symmetry reduction for a given grid have been published. In addition, a robust algorithm for symmetry reduction of large k-point sets (Hart et al., 2018) has recently been published. Figure 1. Special k-point sets according to Monkhorst and Pack (6 × 6, moved away from Γ) (A), and a Γ-centered grid (B). Note that the fraction of k-points that fall on the
coordinate axis is larger in the second case. Nevertheless, there are sometimes reasons why one would like to include a point of high symmetry (e.g. Γ point) in the particular k-point set. For example, the high-symmetry point can be physically important, e.g. However, even in this case one would prefer first to make a self-pertrum-oriented calculation of total energy using a k-point set without Γ point, which
could then be followed by a non-self-consistent calculation with a thrashing k-point grid, including Γ point to achieve the density of states or the electronic tape structure along high symmetry lines in the Brillouin zone. In the simplest case, a k-point grid is specified using a three-integer product, × ×, for example, a k-point grid. The number of red-wired k-points is indicated by the product of these three
numbers (1,000 in this example). The actual DFT calculation uses only a small number of k-points, the irreducible k-points. These are the k-points that remain after all equivalences between k-points due to point group symmetries and time-reversal symmetry has been utilized. This helps to significantly reduce the necessary computational resources. Mathematically speaking, the k-point set is expressed by
a set of fractional numbers κ, the coordinates of k-points in a coordinate system spanning by the mutual grid vectors bj. For a cubic grid with grid constant a and a qx × qy × qz grid selects,... π, for example, qx, (15) κy,r=2ry-qy-12qy, ry=1,... qy, (16) κz,r=2rz-qz-12qz, rz=1,... qz. (17) with integers rx, reputation and rz. This corresponds to the choice of Monkhorst and Pack (1976) and Pack and Monkhorst
(1977). For straight qx, qy, qz ensures factor 2 of the denominator that the k-points stay away from the coordinate axis of the mutual space. An alternative could be a grid centered around Γ point. In this case, simply select κx, r = rx/qx − 1, ... and so on. Here the k-points fall on the coordinate axes, which after the reduction of symmetry leads to unequal weights wrx, ry, rz. Studying two-dimensional k-point
grids is instructive because their visualization is easy. In addition, they are of practical in the surface survey (see section 3.5 below). Monkhorst's and Pack's ideas are transferred to all five 2D Bravais grids allowed by surface crystallography. An interesting situation arises for the hexagonal grid. The two-dimensional unit cell can be described by a rhombic form. After Monkhorst and Pack, the k-points are
distributed on lines that run parallel to the edges of the rhombic shape. Therefore, a high fraction of the k points fall down on the coordinate axis that cuts the rums (Figure 2A). After Cunningham's work (1974), there are alternative choices for special k-point sets. In his scheme, he starts from a small set of generating k-points and then arrives at his special k-point set by applying the point group operations
of Gα to this generating set. The procedure can be repeated, thereby achieving finer and finer k-point masks by starting from ever larger generating sets. In this way, he achieves first a set of three, then six and then 18 irreducible k-points (see Table 1). When unfolded throughout the Brillouin zone, these yield sets of 18, 54 and 162 k-points, which cannot be expressed in the usual notation as qx × qy, are
distributed in a way that is compatible with the hexagonal symmetry (Figure 2B). They thus allow for a high symmetry reduction factor (up to nine). Figure 2. (A) First Brillouin zone of the hexagonal grid with irreducible (shady) wedge. The conventional, rhombic Brillouin zone used in DFT calculations is indicated by the dotted line, along with a 5 × 5 Monkhorst-Pack mesh. B) Cunningham's special k-point
set (Cunningham, 1974) consisting of six points (filled circles) or 18 points (crosses) in the irreducible wedge. Table 1. Cunningham's choice of special k-points in the two-dimensional hexagonal grid. The convergence of different single-layer graphing k-point sets is compared in Figure 3. The Monkhorst-Pack K-point sets (defined to avoid high-symmetry points) show rapid convergence, both as a function of
k-point density (Figure 3A) and as a function of the calculation effort (Figure 3B). The Γ-centered grids show a slower, monotonous convergence in the case of graphene, but allow for a stronger symmetry reduction. Note that the hexagonal grid behaves differently in terms of symmetry reduction from the cubic ortophombictic lattices described above. The calculations with Cunningham k-point sets also
benefit from symmetry reduction, but their accuracy is comparable or less than that of Γ-centered and Monkhorst-Pack sets. Figure 3. Convergence of the total energy of one-layer graphene calculated with the FHI target code (Blum et al., 2009). (A) shows the convergence with the total number of k-points in the Brillouin zone, corresponding to the reverse k-point density, while the panel (B) shows the
scaling with the calculation effort, which is proportional to the number of irreducible k-points, after the operation of the symmetry group D3v; been used. The Monkhorst-Pack grids are constructed with qx, qy, qz in Equation (15)-(17) are even numbers, and therefore Monkhorst-Pack sets exclude Γ-point. For analytical purposes, one often plots the total density of states g (ε), defined by course, δ function in
the equation (18) is an example for an integrand F (k) that is not a smooth function of k. Another example occurs if the Fermi surface(s) of a metal (see below) are to be calculated. In both situations, a very fine sampling of the Brillouin zone is required for accurate results. One way to achieve this is the tetrahedron method, which was originally proposed in its linear form (Jepsen and Andersen, 1971). Within
a small tetrahedron, a band can be approximated by a linear function or by square interpolation of the bands (MacDonald et al., 1979; Blöchl et al., 1994). In addition, tetrahedra is flexible enough to provide a space-filling coverage (a tessellation) of the entire Brillouin zone. With these prerequisites, Brillouin zone integration can be performed over a set of piecemeal linear functions. If a band crosses Fermi
energy within a tetrahedron, it will cut a triangle within that tetrahedron. The entire Fermi surface can consist of a set of all these triangles. Practical extensions of the method even go beyond the German linear approximation. This is necessary because some electronic bands (those that are partners during some non-trivial representation of symmetry group operations) display local extrema at high
symmetry points in the Brillouin zone. Then it is more appropriate to use a square approximation to these bands. Even in the interior of BZ, bands are usually curved, and a certain (say, positive) curvature can prevail over the Brillouin zone (if, for example, these bands are all derived from the same atomic orbitals). Thereafter, a quadratic correction may result in a systematic improvement in sampling, as
shown, e.g. 3.2. Metallic Systems Density functional theory has originally been proven for atomic and molecular systems with a limited integer of electrons. Using Bloch's phrase, the evidence has been carried to an infinite, periodic crystal of a semiconductive or insulating material: A limited number of bands, say N-bands, are fully occupied, separated from the unoccupied states of an energy hole. In a spin-
polarized calculation, N is equal to the number of electrons in the unit cell. In the (more common) case of a spin-compensated calculation, N is only half the electron number, as each band can host two electrons (opposite spin). In both cases, a numerical calculation can be made by taking into account only the occupied bands without taking into account unfilled electronic states. This approach, which only
keeps the occupied bonds in the calculations, has been used successfully in many previous studies, including ab initio molecular dynamics, for example, in the field of molecular dynamics. Silicon. For a fully periodic, metallic solid, but we have to allow the situation of bands are partially occupied. Kohn-Sham formalism must therefore be extended to include occupation numbers fi ∈ [0.1] (in the spin-
polarized calculation; otherwise fi ∈ [0,2] is permitted due to spin genesacy). In addition, at limited temperature some electrons in a metal will be in agitated states as there is no energy hole in a metal that could prevent such excitations. From a very general point of view, it has been shown that the validity of the DFT can be extended to limited temperatures by means of the concept of dft (Mermin, 1965;
Marzari et al., 1997), i.e. marzari et al., 1997. This means that the occupation numbers must be temperature functions, fi(Te) = f(εi, Tea). From a physics point of view, One might prefer to choose the Fermi-Dirac distribution function for the occupation numbers, f(ε,Te)=1exp((ε-EC)/(kBTe)+1, (19), where Tea is the temperature of the electronic system, kB is the Boltzmann constant, and EC is the Fermi
energy, which can also be considered as the chemical potential of the electron μ(Te). From a numerical perspective, the choice of an occupation function is motivated by further considerations: since we work with a limited number of k-points, the electronic eigenvalue spectrum in a calculation is always discreet. To mimic the behavior of a metal, one uses a smear technique, i.e. Tea is set to a high value
(typically a few tenth of an eV, ie an order of magnitude higher than the physical temperature) to have a smooth transition of occupation numbers between 1 at low energies and 0 at high energies. This smear allows numerically stable algorithms to locate Fermi energy from the set of calculated eigenvalues εi (kj). Within the DFT code, the Fermi Energy EC is adapted in each iteration to meet the condition
∑i=1N∑kj∈BZf(εi(kj), Te→0)=N, (20), where N is the number of electrons per unit cell. Similarly, a Fermi temperature can be defined by the TF = EC/kB ratio with the kB Boltzmann constant. Instead of the sum above the Brillouin zone, energy integration can also be used if an additional factor g(E) is allowed in the integrated state mass density accounts, N=∫-∞∞dEg(E)Ω(EC-E), (21), where Ω is the
Heaviside function. After introducing the 'smear' parameter σ and perform a transformation into a dimensionless variable heaviside function Ω(−σx) serves as the starting point for various approximations. For example, it could be replaced by a Fermi-Dirac function with some electronic temperature Tea. However, working with an imphysically high Tea introduces an error in the total energy (and also in all
other average quantities) calculated by the DFT code. In fact, using fi = f(εi(k), Tea, total energy calculates Etot(Tea) and free energy Ftot(Tea) at finite Tea rather total energy Ezero = Etot(Te → 0). The free energy is defined by Ftot(Te) = Etot(Te) − TeSe(Te), where Se(Te)=-kB∑i(filnfi+(1-fi) ln(1-fi)) (23) is the electronic entropy. A correction is needed to obtain ground state energy at Te = 0. In the simplest
case, the average of the total energy is used for the Energy Etot(Te) and the free energy of Ftot(Te), which makes use of the Sommerfeld extensions (see, for example, The Danish Energy Fund). Ashcroft and Mermin, 1976, Appendix C) Ftot(Te)=Etot(0)[1+a2Te2TF2+O((TeTF)4)+...], (24) Etot(Te)=Etot(0)[1-a2Te2TF2+O((TeTF)4)+....... (25) The absolute value of the coefficient a2 in both extensions must
be the same, as basic thermodynamics tell us that Ftot = Etot − TeSe, but also See = −∂Ftot/∂Te. For example, in the free electron gas, a2 = 5π212. If the higher order conditions in the extension are negligible, as the leading Te2 terms cancel each other out, Ezero≈Etot(Te)+Ftot(Te)2 (26) provides an improved estimate for Ezero. The behaviors of Ftot (Te) and Ezero will be illustrated by examples in
Figures 4, 5. The above equation also gives us a hint how to choose Tea in an actual calculation: It may not be too large (such that the Te4 conditions are actually insignificant), but at the same time it should be large enough to smear out any (unphysical) holes in the eigenvalue spectrum εi (kj) (see eg Figure 6). If the latter condition is not met, repeat the calculation with a beat of k-points. Thus, the density
of the k-point grid and the choice of the smudge parameter should always be discussed together if much converged results are needed. Figure 4. Convergence of free energy (total energy minus TeSe with See the electronic entropy defined in equation 23) as function of the number of irreducible k-points in a double logarithmic representation. Four representative elements are shown: fcc Al as an example
for a free electron gas, bcc V with a partially studded d band, Si as semiconductor and Ten with an hcp crystal structure. The colored lines (see explanation) represent the different smear methods. Tet_Bloechl is the tetrahedron method with Blöchl correction. Figure 5. Convergence of zero energy (total energy extrapolated to Te = 0K; Equations 26 or 28) as a function of the number of irreducible k-points in
a double logarithmic representation. Four representative elements are shown: fcc Al as an example for a free electron gas, bcc V with a partially studded d band, Si as semiconductor and Ten with an hcp crystal structure. The colored lines (see explanation) represent the different smear methods. 'Tet_Bloechl' means the tetrahedron method of Blöchl correction. Figure 6. The occupation number of the
electronic modes close to the Fermi level using the Methfessel-Paxton first order method and a smear parameter σ = 0.01eV. The numbers in legend give the Γ-centered MP mesh (19, for example, indicate a 19 × 19 × 19 Monkhorst-Pack mesh). For clarity, the curves have been moved by 0.01 eV each. It should be borne in mind that the correction (26) is applied only to the total energy, while other
physical quantities, e.g. The demand for accurate forces (consistent with the preservation of total energy) is of particular importance in molecular dynamics simulations on the Born-Oppenheimer potential-energy surface and has inspired extensions of the above correction scheme (Wagner et al., 1998) for the calculation of forces. To keep things simple, however, one would like to have a numerical system
where already the coefficient a2 of the leading Te2 term is as small as possible. One way of achieving this is the scheme proposed by Methfessel and Paxton (1989). They replace the Fermi-Dirac distribution function (Equation 19) with a supplemental malfunction (erfc) plus an extension to Hermite polynomials Hn(x): SL(x)=12erfc(x)+∑n=1LBnH2n-1(x)exp(-x2), (27) with the variable x defined in equation
(22). The SL(x) function can also be understood as an approximation of the Heaviside function Ω in equation (21). The coefficients Bn must be selected in such a way as to minimize the extraction error during the extension. In practice, it is advisable to keep only the first few expressions of the extension, L = 1 or 2. Choice L = 0 provides the limit for Gaussian smear, where the derivative of the Fermi-Dirac
function is approximated by a Gaussian function centered by the Fermi energy. It turns out that with the Methfessel-Paxton scheme with a carefully selected width σ, not only the total energy, but the forces are sufficiently precise. This will be discussed later (Figure 7). It is still possible (but not necessary) to extrapolate the total energy to zero expansion using the formula (Kresse and Furthmüller, 1996a)
Ezero≈Etot(Te)+(L+1)Ftot(Te)L+2 (28), which can be seen as a generalisation of the equation (26) to case L &gt; 0. The price to be paid for the use of the Methfessel-Paxton scheme is the possible occurrence of negative f(εi(kj)), i.e. the amount of the price of the aid. An alternative technique, the so-called cold smear of the occupation figures (Marzari et al., 1999), avoids the issue of negative obsession
rates, while allowing for a subtraction technique to remove the entropy contributions from the free energy in order to obtain a corrected expression of the total energy. Figure 7. The convergence of nuclear power as a function of the smear parameter σ for two representative elements (top: Al, bottom: V) and for two different k-point samples (left: 550, right: 8125 irreducible k-points). The colours indicate the
different smear methods discussed in the text (Gauss, Fermi-Dirac, Methfessel-Paxton first/second MP_1/MP_2). The converged values are −41.9 meV/Z for Al and −56 meV/Z for V. Note that the different y-scales indicating a faster k-convergence of Al compared to V. Test calculations showing the effectiveness of the Methfessel-Paxton scheme are shown in 8. While extrapolation Te → 0, Equation (26),
is necessary to make Fermi-Dirac or Gaussian expansion independent of the expansion parameter σ, the Methfessel-Paxton scheme provides virtually identical values for all three volumes, even for σ values as high as 0,2 eV. Further tests for the bulk metals fcc Ru and bcc Ir can be found in Zhang et al. (2017) and for alkali nuclear adsorption on the Al(111) surface in Neugebauer and Scheffler (1992).
Figure 8. Dependence on the three energies - total energy Etot, zero energy Ezero and free energy Ftot - as a function of smudging parameter for four approaches (Fermi-Dirac, Gauss, Methfessel-Paxton (MP) first and second order). To demonstrate the performance of MP approaches the same y scaling is used. On this scale of MP approaches all three energies are identical, showing that even at larger
electronic temperatures Tea (i.e. greater σ values) Ftot (Te = 0K) can be precisely approximated by Ezero (Tea). It should be remembered that there are some subjects in solid-state physics that are more sensitive to sampling the Brillouin zone than others. Critical questions may arise in particular in cases where a symmetrical phase transition in a material is driven by changes in the electronic structure. For
example, in materials that show an instability against the formation of charging density waves due to Fermi surface nesting, k-point sets should be chosen carefully to include nesting vector. Other examples are the Jahn-Teller effect in polar materials or a Peierls transition, both of which may be related to bands that are only recorded and/or unoccupied in small parts of the Brillouin zone; nevertheless, it is
important to solve these puddles of electrons and holes in k-point sampling, as their expansion is the driving force behind the structural transition one wants to study. 3.3. High precision calculations for metals If the total energy calculations are intended to be used as the basis for a thermodynamics analysis, very precise values, with an accuracy of 1 meV per atom or better (Grabowksi et al., 2007;
Grabowski et al., 2011), is required. Test calculations performed in an automated manner for k-point grids of different shapes and densities (Morgan et al., 2018) suggest that accurate sampling of the Fermi surface and thus a dense k-point grid in the range of 303 irreducible k-points per atom is necessary to achieve this goal. Here we present case studies conducted with the VASP code (Kresse and
Furthmüller, 1996b) for four representative materials, aluminium (Al), vanadium (V), silicon (Si) and titanium (Ten). For the dense k-point masks used in this study (e.g. 30 × 30 × 30), it appears that k-point density is the decisive quantity, while the exact location of the network (e.g. if it contains Γ point or not) is a minor problem when a sufficiently high density is used. We depict the absolute error (in relation
to the k-point mask with the highest density used) as function of the number of irreducible k-points in a double logarithmic representation both for free energy (Figure 4) and for the total energy extrapolated to zero formulated (Figure 5). For all materials, using a Fermi-Dirac function, Equation (19), for occupation numbers do not allow for a reliable extrapolation of total energy to zero temperature, or more
accurately, it converges to another limit (above the 1 meV threshold) even for the highest k-point density used. For metals, the Gaussian smear of the Fermi edge introduces too high free energy on the dense nets (see Figure 4); and this error is only not sufficiently corrected by extrapolation to zero extension (Figure 5). The same declaration may be made for the uncorrected (linear) tetrahedron method
(Jepsen and Andersen, 1971). The Methfessel-Paxton scheme, both in its first and second order variant, allows to reduce the fault to a few meV per atom. The corrected tetrahedron method (Blöchl et al., 1994) performs similar to the Methfessel-Paxton technique with small advantages in the range of medium k-point sets (&lt; 100 irreducible k-points), but does not provide any decisive improvement if a
dense k-point set is used. For structural optimization in unit cells containing more than one atom per cell, the accuracy of the forces is also important. As a general advice, it is recommended to use a narrow expansion width if possible, so that the forces are not contaminated by the unphysical smear of the electronic eigenvalues and the work of the forces of a molecular dynamics simulation remains
consistent with changes in overall energy. For this reason, it is also advisable to work with the Methfessel-Paxton scheme of first or second order corrections (L = 1 or 2), since its free energy (of which derivatives are taken to gain power) is close to the total energy, cf. Figure 8, bottom row. An analysis of the accuracy of forces as a function of the expansion parameter σ is presented in Figure 7 for Al and V
(rows) and for a sparse and dense k-point set (columns). When comparing the results of the two k-point sets, it is noted that the use of the Methfessel-Paxton scheme with a relatively large extension, e.g. in the case of the methfessel-Paxton system, is a very important one. For a close k-point set, the Methfessel-Paxton results become independent of the value of σ over a wide range. The Gaussian or
Fermi-Dirac function extension is not recommended, since the forces are sensitive to the extension used. When working with σ, first care should be taken to ensure that the k-point set used actually provides a sufficiently close sampling of the density of states near the Fermi level. Only then is the (numerical) Fermi energy sufficiently well defined – this can be concluded from the fact that the occupation
figures gradually decrease from one to zero, with several fractional occupation figures on the way, as observed for the green and red curves in Figure 6. In some materials with steep ribbons, Fermi in aluminium, for example, this issue deserves particular attention. As can be seen from Figure 7, a network of 19 × 19 × 19 k-points is not yet sufficient to define fermi energy because there are few professions
fi ~ 0.5. With these settings (and a small σ = 0.01 eV), the forces also show a noticeable deviation from their converged values (see Figure 7, top left panel). The remedy in this case is fixed using a tame set of 8125 irreducible k-points (top right panel in Figure 7) instead of only 550 irreducible k-points (upper left panel in Figure 7). We note here that the study of realistic materials at limited temperature
requires taking into account all physical contributions to free energy. This includes not only electronic excitation contributions to free energy, but also contributions from grid vibrations or from magnetic excitations (if the material shows magnetic order). The 1 meV per atom accuracy target not only refers to the electronic free energy, but must also be met by the free energy excitations. For the grid
contribution, this requires accurate calculations of phonon spectra and an assessment of their free energy, including anabolic effects (Grabowksi et al., 2007). Some more technical details how to achieve this goal using an aircraft-wave DFT code will be given in the next section. 3.4. Specialities for Plane-Wave Base Sets In aircraft wave codes using large base sets, it can be effective to assess not only the
electronic density but also the wave expansion coefficients via an iterative system. Due to the huge number of basic functions, a full diagonalization of Hamiltonian for a given (preliminary) electronic density is not advisable. Instead, they work with approximate, iteratively enhanced electronic eigenvaluer. In this situation, the occupation figures f(εi(kj)) will also be approximate as long as the iteration cycle
has not yet converged. A method of simultaneous iteration of both wave function expansion coefficients and occupation figures is described in Gillan (1989) and Freysoldt et al. (2009). Another practical aspect relates to the interaction between nuclear relaxation and k-point sampling. While the relaxation of atomic positions (using the calculated Hellmann-Feynman forces) is still going on, the band coatings
can still change. Smooth changes are preferred for technical reasons - one would like the atoms to move on a smooth (albeit approximate) potential energy surface in order to be able to use advanced algorithms to find minima and saddle points. To this end, a 'smear technique', for example, is a smear technique. In addition, the corrected tetrahedron (Blöchl et al., 1994) can be shown (Kresse and
Furthmüller, 1996a) to result in discrepancies between the calculated forces and the total energy surface on which the atoms or ions move. For these reasons, the tetrahedron method in the plane-wave community is mostly used for finishing an already converged self-resistant calculation. When using aircraft-wave codes, one is typically working with relative convergence of energy differences with the
number of fly-wave basis functions, e.g. convergence of coherent energy of a solid (is the difference between the total energy crystal and the individual isolated atoms). Absolute convergence of total energies would require an unnecessarily large plane-wave basis set. Under these conditions, special caution is required when attempting to compare the total energies of two unit cells of different sizes, or if you
want to calculate the load acting on a (deformed) unit cell. The number of plane waves in the base set can change abruptly even during minor changes in the unit cell. As long as absolute convergence has not been achieved, this implies a change in the quality of the base which leads to an artificial (undesirable) change in total energy. One way to correct for such errors is obtained from scaling hypothesis
for finite-base set corrections (Rignanese et al., 1995). Once the sensitivity of the total energy to the cutting of the plane wave used has been determined, a correction may be applied which depends both on the cell volume and on the number of k-points used to take the sample of the Brillouin zone. The corrected total energy allows one to achieve smooth curves for volume dependency or strain
dependence on physical observable, such as pressure or elements of stress tensor. Many modern plane wave calculations use ultra-soft pseudo-potentials or projector-augmented wave (Blöchl, 1996; Kresse and Joubert, 1999) (PAW) method. While these methods are very powerful and robust for most applications, special care must be taken when trying to compare the total energy in two atomic
configurations that differ only by a small atomic displacement. This situation occurs when phonon spectra are calculated using the frozen phonon method. In both ultrasoft pseudo-potential and PAW methods, auxiliary charges associated with each atom are stored on a dense real-space grid (within the DFT code). Shifts of the atoms with respect to this grid lead to minor changes in the representation of the
augmentation charge, which manifests itself as small errors of total energy that usually go unnoticed. However, when calculating the phonon properties, it is recommended to check the convergence results with regard to the additional grid density (Grabowksi et al., 2007). The Grüneisen parameter, which is a sign of a harmonic effect, is particularly sensitive to convergence issues. In addition, the accuracy
of the also monitored to ensure that the small energy differences on which the calculations of vertonic frequencies are based are converged. Such convergence problems are particularly relevant for soft metals Γ with low frequency phononic modes (e.g. inaccuracies may appear as imphysical states with imaginary frequencies. 3.5. Supercell Model for surfaces Modeling surfaces of a periodic crystal poses
various challenges for first-principle calculations. First of all, it is an advantage to preserve the two-dimensional periodicity of the surface plane. In most DFT calculations one prefers to use a plate, i.e. a limited number of parallel atomic layers, to model a surface. You can use both surfaces of the plate, front and back, to calculate the property of interest, e.g. surface energy, if both sides are equivalent.
Otherwise, only one side (front) is used to model the physics of the surface, while the back is saturated by some atoms, such as the surface. This is commonly done for semiconductor or insulator plates, while for sheet metal passivation it is not necessary. In the presence of semiconductors, the passivation is necessary to remove partially occupied electronic backing surface states from the tape hole
which, without passivation, may cause a false charge transfer through the plate to the surface of interest. For metals, effective electronic screening prevents such transmission, making passivation unnecessary. In principle, there is no frequency towards the surface normal. Some DFT codes allow the user to model limited periodicity to just two (surface) or one (nanowire) dimensions. In codes that use
nuclear-centric localized base sets, it is natural to discard any wave function that overlaps in the third dimension of the surface normally. This way of dealing with just a single plate also helps save computer time. In plane-wave codes, by contrast, basic functions that are periodic on all three spatial dimensions are used. This means working with a supercell containing a piece of the plate that is repeated at
regular intervals. To eliminate unwanted interactions between periodic copies of the repeating plate, it is necessary to include a sufficiently large vacuum region. The thickness of this vacuum area is a parameter to be tested on a case-by-case basis. As a starting point, you typically use 10-15 Å vacuum and check if the charging density is zero in the vacuum region. It is important to note that in a plate
calculation, the dispersion of the energy bands, ε(k-x, ky, kz), should disappear in the direction that is normal to the surface (typically this is the kz direction). It is clear that the electrons cannot spread through the vacuum layer, and therefore there is no kz dependency. Therefore, use a two-dimensional k-point grid in (k-x, ky) plane and set kz = 0. In the case of equivalent front and sides of the plate are
used, the working functions of these two surfaces are generally different, and therefore the electrostatic potential of the vacuum must reach different values depending on whether we are trying it in a position far outside the front or rear surface. Multiple DFT codes allow the user to take this physically meaningful option into account by including a leap of electrostatic potential with adjustable size right in the
middle of the vacuum region. This jump corresponds to the electrostatic potential of an infinitely thin dipole layer located in the middle of the vacuum region, which is precisely balanced by a dipole density of the same size, but opposite sign, built up by the electronic density inside the plate. This feature, which allows the user to obtain more accurate results for unequivalent surfaces, is called the dipole
correction (Neugebauer and Scheffler, 1992). In the supercell method in general, the cell dimensions in the real space are the integers nx, new, nz of the grid vectors of the primitive unit cell. Therefore, the supercell's mutual grid vectors are fractions of the primitive bee defined in equation (9). The Brillouin zone of the supercell is smaller by factors nx, new and nz in the respective directions. Therefore, the
k-point grid in the supercell calculation can be selected much rougher while maintaining the same level of precision. For example, if the mass calculation used a qx × qy × qz grid, the calculation of the surface plate with nx × new supercell would use a (equivalent) qx/nx × qy/new grid. The decisive quantity is the k-points in BZ, in the second word the volume element or area element consisting of a k-point.
This technique can be used when calculating differences between surface and bulk energies, e.g. in the case of a surface and bulk energy source. However, there are exceptions to this rule, where the surface requires a beater k-point sampling than bulk. We already mentioned the different requirements for sampling density in semiconducting vs metallic systems. Even if a material is semiconductive in bulk,
it can have surface or interface states that are metallic. In this case, the Fermi lines in the 2D Brillouin zone must be determined, a task that generally requires a cross-remmer test of the Brillouin surface. An example where the convergence with the k-point grid is documented is the Si(100) surface (Ramstad et al., 1995): On this surface, Si atoms form dimers that tend to tilt with respect to the surface plane.
Surface reconstructions with different unit cells parallel to the surface [p(2 × 2) or c(2 × 2) ] can be formed if the tilting angles of adjacent Si dimers alternately in characters. The energy difference in these reconstructions is very small and requires a careful sampling technique to achieve accurate results. In addition, all these surface structures show electronic surface replacements in the main band gap of Si.
Depending on the relaxed positions of the surface atoms, these surface conditions may cross the Fermi level, giving rise to parts of the Brillouin zone where there is an additional electronic state, and other parts where another electronic state is uninhabited. These puddles of electrons and holes are bounded by Fermi lines. Obviously, we need to require a certain fraction of our k-point set to fall into these
small parts of the Brillouin zone, only then will we be able to test the total energy correctly, which is also a prerequisite for achieving the correct relaxed earth-state geometry. It has been found (Ramstad et al., 1995) that at least 8 k-points in the total BZ of (2 × 2) cell is required to stabilize the tilt of Si dimers. Only using at least 32 k-points can ensure that the energy difference of only 5 meV per dimer
between p(2 × 2) and c(2 × 2) surface is converged. The importance of partial occupation of tape in a small part of BZ to drive surface reconstructions is seen even more clearly in the case of gold-induced reconstructions on the Si (111) surface (Erwin et al., 2009). In particular, the dependence of surface energy on the gold cover in relation to the degree of filling of the partially occupied strips requires
careful sampling of BZ. Non-homogeneous k-point grids with finer samples may be required in the most physically important areas of BZ to accurately describe the observed symmetry-breaking reconstructions. The number of layers in the plate used to model (in principle) the semi-infinite piece of bulk crystal is another modeling parameter that must be chosen carefully. Unfortunately, there is no simple rule
of thumb. For the physical quantity you are interested in, the convergence with the plate thickness must be controlled on a case-by-case basis. For metals, the convergence with thickness is usually faster than for semiconductor or insulator plates due to the good screening properties of the metal. However, some special surface features, e.g. electronic surface modes, can show a very slow decay in the
bulk of the crystal. If the physical effects of the surface states matter for a particular problem, it may be necessary to use fairly thick sheets of 30 layers or more. It should also be borne in mind that a slow convergence or even fluctuations of surface energy as a function of plate thickness may be due to physical reasons: For some thin metals film, e.g. Al film (Kiejna et al., 1999) or Pb film (Wei and Chou,
2002), quantum well states occur, causing periodic changes not only of surface energy , but also of fermi level position, working function and other physical quantities. 4. Analytical tools The total mass density of States g(ε) introduced into the equation (18) provides rapid information if a given system is a semiconductor, a metal, a semi-metal or a ferromagnetic semi-metal. Therefore, many DFT codes come
with a software tool to plot In practice, the δ function in the equation (18) is often replaced by a Gaussian whose width must be selected by the user via a separate input parameter to the DFT code. This function should not be confused with the Gaussian enlargement σ discussed in section 3.2. For narrow-bep semiconductors, be careful not to close the hole by choosing an unsuitable large Gaussian width.
Alternatively, you can plot a histogram of the distribution of energy eigenvalue and sort the eigenvalues into sufficiently narrow containers, as happened in Figure 9, to achieve a graphic representation with sharp features. Figure 9. Electronic density of States g(ε) (DOS) for two representative elements (Al and V). While Al shows a smooth and fairly low density of states, the partially occupied 3d bands in
the V lead to a peak density of states. The much higher density of states of V at Fermi level (vertical dotted line) compared to Al explains the tamer sampling shown in Figure 6 (see e.g. blue cross). The geographically affected local density of states (LDOS) is indicated by ρ(r,ε)=∑i,k|ψi,k(r)|2δ(ε-εi,k). (29) As an application, the band gap in a semiconductor and surface area can be estimated by producing an
LDOS plot of ρ(z, ε) along the surface normally for a plate calculation. In this way one can visualize how surface states decay to bulk. Simulation of images of the scanning tunneling microscope (STM) following the rapprochement between Tersoff-Hamann (Tersoff and Hamann, 1983) is another use of LDOS. Here, a 2D plot in (x, y) planet (parallel to the surface) of the amount ∫EFEF+Vρ(x,y,ztip,ε)dε is
generated, where ztip is the position of the STM tip above the surface, and V is proportional to the voltage applied between tip and sample. The atomic-expected density of states (PDOS) can be used to assign the density of states to specific layers (on or below the surface), or specific atomic orbitals: ρM, l (ε)=∑i,k|∫ΦM lat(r)φi,k(r)|2δ(ε-εi,k)dr (30) Here is ΦM,lat(r) for an atomic orbital with angular l
momentum at the atom mark M. The radial dependence on this orbital and its possible shortening to avoid overlap with adjacent atoms in the grid is not uniquely defined and different DFT codes use slightly different procedures. Therefore, the PDB should be regarded as a qualitative rather than a quantitative tool. Nevertheless, PDOS and more detailed analysis tools based on it can provide valuable
insights into binding and bonding in a crystalline solid. Often it is desirable to provide information about the orbital nature of a band when plotting the band structure. To this end, the band structure plot is overlaid by the information derived from PDOS. For example, a color gamut is used to indicate the contribution of a particular orbital to a band, or symbols with sizes proportional to the mix of a particular
orbital plotd on top of the line plot in the ribbon structure. This is in Figure 10 for the example of a zirconium switch on the two-dimensional semiconductor WS2 (Kahnouji et al., 2019). The band structure and PDOS are calculated with the FHI target code (Blum et al., 2009). Figure 10. The tape structure of the hexagonal unit cell in one-layer WS2 contacted by a Zr plate. The size of the red symbols on the
bands reflects the W 5d orbital character of the bands. Although the switch as a whole is metallic, you can still see remnants of the valence band and the conductor band in the semiconductor WS2 in the bands marked with the red symbols. Figure adopted by Kahnouji et al. (2019). In practice, the calculation of the different densities of states defined above and of the Fermi surface in a post-treatment stage



is carried out as a non-self-staying DFT calculation using the tax density of a previously performed self-stay (with a Monkhorst-Pack grid) calculation as input. The finishing may use a finer grid as well as further improved sampling via the Blöchl-corrected tetrahedron method (Blöchl et al., 1994). 5. Calculations in addition to total energy that require a very high number of k-points Some semiconductors (e.g.
GaAs, GaN, or ZnO) possess sharp minima (small effective masses) of their cord bands. To achieve an accurate density of states in the cable band, a very close sampling of k-space is required at Γ and around the same point. Fortunately, the unoccupied cable ties states do not contribute to the total energy; This problem thus does not affect the total energies and stabilitys, but appears when dos or PDOS
are plotted. If this is necessary, it is recommended to interpolate energy eigenvalues on some already fairly dense mesh at analytical functions near Γ. Subsequently, these analytical functions can be assessed on as many k-points as necessary to achieve the smooth DOS. More generally, any flat parts in the band structure of low-dimensional systems appear as van Hove singularities (van Hove, 1953) in
the density of states. If a band behaves as εi(k)~(k-k0)2 (typically occurs around a high symmetry point k0), the density of states g(ε) shows a discontinuity (leap) in two dimensions and even deviates as ~ ε-1/2 in a one-dimensional system. If such behaviour is important for the physical effects one wishes to study (e.g. for thermoelectric properties, the bias of g (ε) near the Fermi energy is important),
knowledge of the position of van Hove singularity and a very close sampling of k-space at the corresponding points k0 are required. In addition, the relevance of van Hove singularities in the superconductivity of metals with a high transition temperature is well known. Problems in magnetism regularly involve an energy scale that is small on the extent of typical electronic energies. Small total energy
differences are important for the magnetic properties of the materials. Therefore, highly converged calculations with many k-points are required. An example magnetocrystalline anisotropy of a ferromagnet. One wants to find out which orientation of magnetization (compared to a coordinate system defined by the crystalline lattice vectors) is the energetic most favorable. This defines the so-called light axis of
magnetization. The energy difference between magnetization along the easy axis and another hard axis is very small: typically μeV for the light ferromagnetic elements (such as Fe, Co, Ni) in a cubic environment and up to meV for heavier atoms (e.g. rare earths) or composite materials where the magnetic atoms sit in a symmetrical environment and their orbitals experience crystal field division. The
physical origin of magnetic occrystalline anisotropy can be traced back to minor deformations of the Fermi surface when the magnetization vector is rotated from one crystalline axis to another. To sample these small changes to the Fermi surface, very fine k-point masks may be required (e.g. a 100 × 100 × 100 mesh) (Razee et al., 1999). A related difficulty is observed if one wishes to study transport
characteristics as a function of magnetization, e.g. in the case of anisotropic magneto-resistance (Popescu and Kratzer, 2013), or the so-called gigantic magnetoresistance (GMR) effect in metallic heterostructures (Heiliger et al., 2008). Here one is interested in the difference in conductivity of a magnetic metal if the electrical current flows either parallel or perpendicular to the direction of magnetization (or
at any angle in terms of magnetization vector). Again, the results depend sensitively on fine features of the Fermi surface and their modification during a change of magnetization direction. Adaptive mesh-sophistication schemes (AMR) (Bruno and Ginatempo, 1997; Henk, 2001) for Brillouin zone integration provides robust numerical methods that automatically find regions with high accuracy demand.
Samples are taken from these high density regions, while the other regions are sampled with low density, resulting in significant savings in computer time compared to integration methods that depend on equal mesh points. The use of AMR schemes can be traced back to previous work by Temmerman and Szotek (1987). Since the Brillouin zone integrated can be written as three nested integrals over the
three dimensions of k-space, it is sufficient to illustrate the method of a dimension: The basic idea is to concentrate the points where the integrand is evaluated in the regions where the integrand is large and then perform a square integration. Starting from an equally distance mask, in each subsequent step a denser mesh is generated in the critical regions, either by a cascading linear method (halving
integration intervals) or by simplex mesh sophistication (Henk, 2001). Various indicators can be used to trigger mask refining; except for the absolute size of integrand these could be character changes [e.g., in the case of path operator of of Korringa-Kohn-Rostoker (KKR) method (Temmerman and Szotek, 1987)], or the difference between trapezoidal and Simpson rule of integration (Bruno and
Ginatempo, 1997). 6. Conclusions With the increasing role of big data and high-throughput calculations in materials physics and chemistry, it is important to guarantee high accuracy for the first principles of data to be stored in materials databases. Therefore, there is renewed interest in the convergence aspects of DFT calculations. There is ample knowledge of convergence with the sampling of mutual
space from previous work with much more limited computational resources. For semiconductors and insulators, this knowledge of special k-points can be used to perform the calculations in the most economical way. For metals and alloys, the exact sampling of the Fermi surface is still a problem and requires the use of dense k-point masks to ensure a convergence of total energy per atom to better than 1
meV. Even for simple metals, there is astonishing diversity in terms of their Fermi surfaces. There is therefore currently no general recipe for choosing k-points, bypassing a close sampling of the Brillouin zone. Moreover, for high sampling density, the exact location of each k-point and thus the knowledge of specific k-point sets becomes less relevant. If the goal of the calculations is the total energy and the
relaxed atomic structure, the most effective way to handle the Fermi surface is some expansion of the Fermi-Dirac distribution function. Enlargement must be chosen in such a way that a sufficiently large proportion of all business figures show fractional employment. The methods available to extrapolate the total energy to the limit of zero expansion also work well with a very high number of k-points. The
forces of the atoms deserve special attention as they are calculated as the derivative of electronic free energy (rather than the total energy), but for the test cases examined this did not cause problems as long as the Methfessel-Paxton scheme with an expansion parameter in the range of 0,1-0,2 eV and a sufficiently dense k-point mask is used. For post-processing with analysis tools and for quantities
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